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Abstract
The sums
∑k
j=0 u
2n
rj+sz
j,
∑k
j=0 u
2n−1
rj+s z
j ,
∑k
j=0 v
n
rj+sz
j and
∑k
j=0w
n
rj+sz
j are evalu-
ated; where n is any positive integer, r, s and k are any arbitrary integers, z is
arbitrary, (ui) and (vi) are the Lucas sequences of the first kind, and of the second
kind, respectively; and (wi) is the Horadam sequence. Pantelimon Stănică set out
to evaluate the sum
∑k
j=0w
n
j z
j . His solution is not complete because he made the
assumption that w0 = 0, thereby giving effectively only the partial sum for (ui), the
Lucas sequence of the first kind.
1 Introduction
The Horadam sequence [1] (wn) = (wn(a, b; p, q)) is defined, for all integers, by the recur-
rence relation
w0 = a, w1 = b; wn = pwn−1 − qwn−2 (n ≥ 2) ; (1.1)
with
w
−n =
(
(ap− b)un − aqun−1
bun − aqun−1
)
q−nwn , (1.2)
or, equivalently,
w
−n = q
−n(avn − wn) ; (1.3)
where a, b, p and q are arbitrary complex numbers, with p 6= 0 and q 6= 0; and (un(p, q)) =
(wn(0, 1; p, q)) and (vn(p, q)) = (wn(2, p; p, q)) are Lucas sequences of the first kind, and
of the second kind, respectively. The most well-known Lucas sequences are the Fibonacci
sequence, (fn) = (un(1,−1)) and the sequence of Lucas numbers, (ln) = (vn(1,−1)).
Denote by α and β, with α 6= β, the zeros of the characteristic polynomial x2 − px + q of
the Horadam and Lucas sequences. Then
α =
p+
√
p2 − 4q
2
, β =
p−
√
p2 − 4q
2
, (1.4)
1
α + β = p, α− β =
√
p2 − 4q and αβ = q . (1.5)
The Binet-like formulas for un, vn and wn are
un =
αn − βn
α− β
, vn = α
n + βn , (1.6)
and
wn = Aα
n +Bβn , (1.7)
where
A =
b− aβ
α− β
, B =
aα− b
α− β
. (1.8)
Properties of Lucas sequences can be found in the book by Ribenboim [4, Chapter 1]. The
Mathworld [7] and Wikipedia [8] articles are also good sources of information on the subject,
with many references to useful materials. The books by Koshy [2] and by Vajda [6] are
excellent reference materials on Fibonacci numbers and Lucas numbers.
Stănică [5] set out to evaluate the sum
∑k
j=0w
n
j z
j . His solution is not complete because he
made the assumption (in our notation) that w0 = a = 0, thereby giving effectively only the
partial sum for (ui), the Lucas sequence of the first kind.
Our main goal in this paper is to establish the following result, for n a positive integer and
r, s and k arbitrary integers:
2
k∑
j=0
wnrj+sz
j
= zk+2
n∑
i=0
(AB)iqsi
(
n
i
)
An−2iαs(n−2i)+rn(k+1)−rikβr(ik+n) +Bn−2iαr(ik+n)βs(n−2i)+rn(k+1)−rik
qrnz2 − qrivr(n−2i)z + 1
− zk+1
n∑
i=0
(AB)iqsi
(
n
i
)
An−2iαs(n−2i)+(rn−ri)(k+1)βri(k+1) +Bn−2iαri(k+1)βs(n−2i)+(rn−ri)(k+1)
qrnz2 − qrivr(n−2i)z + 1
− z
n∑
i=0
(AB)iqsi
(
n
i
)
An−2iαs(n−2i)+riβr(n−i) +Bn−2iαr(n−i)βs(n−2i)+ri
qrnz2 − qrivr(n−2i)z + 1
+
n∑
i=0
(AB)iqsi
(
n
i
)
An−2iαs(n−2i) +Bn−2iβs(n−2i)
qrnz2 − qrivr(n−2i)z + 1
.
In particular, we will derive
k∑
j=0
wrj+sz
j =
qrwrk+sz
k+2 − wrk+r+sz
k+1 − qrws−rz + ws
qrz2 − vrz + 1
,
yielding immediately,
∞∑
j=0
wrj+sz
j =
ws − q
rws−rz
qrz2 − vrz + 1
as the generating function of Horadam numbers with indices in arithmetic progression.
We require the following two algebraic identities:
2
Lemma 1. The following identity holds for arbitrary f , g, x, y and z and integers k, r
and s:
k∑
j=0
(fxrj+s + gyrj+s)zj
=
(xy)r(fxrk+s + gyrk+s)
(xy)rz2 − (xr + yr)z + 1
zk+2 −
fxrk+r+s + gyrk+r+s
(xy)rz2 − (xr + yr)z + 1
zk+1
−
(xy)r(fxs−r + gys−r)
(xy)rz2 − (xr + yr)z + 1
z +
fxs + gys
(xy)rz2 − (xr + yr)z + 1
.
Proof. The identity expresses the linear combination of the following geometric progression
summation identities:
k∑
j=0
xrj+szj =
xrk+r+szk+1 − xs
xrz − 1
, (1.9)
k∑
j=0
yrj+szj =
yrk+r+szk+1 − ys
yrz − 1
. (1.10)
Dropping terms proportional to zk, in the limit as k approaches infinity, we have
∞∑
j=0
(fxrj+s + gyrj+s)zj =
fxs + gys − (xy)r(fxs−r + gys−r)z
(xy)rz2 − (xr + yr)z + 1
. (1.11)
Lemma 2. The following identity holds for arbitrary f , g, x, y and z and integers k, r
and s and nonnegative integer n:
2
k∑
j=0
(fxrj+s + gyrj+s)nzj
= zk+2
n∑
i=0
(fg)i(xy)si
(
n
i
)
fn−2ixs(n−2i)+rn(k+1)−rikyr(ik+n) + gn−2ixr(ik+n)ys(n−2i)+rn(k+1)−rik
(xy)rnz2 − (xy)ri(xr(n−2i) + yr(n−2i))z + 1
− zk+1
n∑
i=0
(fg)i(xy)si
(
n
i
)
fn−2ixs(n−2i)+(rn−ri)(k+1)yri(k+1) + gn−2ixri(k+1)ys(n−2i)+(rn−ri)(k+1)
(xy)rnz2 − (xy)ri(xr(n−2i) + yr(n−2i))z + 1
− z
n∑
i=0
(fg)i(xy)si
(
n
i
)
fn−2ixs(n−2i)+riyr(n−i) + gn−2ixr(n−i)ys(n−2i)+ri
(xy)rnz2 − (xy)ri(xr(n−2i) + yr(n−2i))z + 1
+
n∑
i=0
(fg)i(xy)si
(
n
i
)
fn−2ixs(n−2i) + gn−2iys(n−2i)
(xy)rnz2 − (xy)ri(xr(n−2i) + yr(n−2i))z + 1
.
Proof. By the binomial theorem and a change of the order of summation, we have
k∑
j=0
(fxrj+s + gyrj+s)nzj =
n∑
i=0
(
n
i
) k∑
j=0
(
fxrj+s
)i (
gyrj+s
)(n−i)
zj , (1.12)
3
which, by interchanging i and n − i in the summand on the right hand side, can also be
written
k∑
j=0
(fxrj+s + gyrj+s)nzj =
n∑
i=0
(
n
i
) k∑
j=0
(
fxrj+s
)(n−i) (
gyrj+s
)i
zj . (1.13)
Adding (1.12) and (1.13), we have
2
k∑
j=0
(fxrj+s + gyrj+s)nzj
=
n∑
i=0
(
n
i
) k∑
j=0
(fgxrj+syrj+s)i
(
(fxrj+s)n−2i + (gyrj+s)n−2i
)
zj
=
n∑
i=0
(fg)i(xy)si
(
n
i
)(
(fxs)n−2i
k∑
j=0
(xr(n−i)yriz)j + (gys)n−2i
k∑
j=0
(xriyr(n−i)z)j
)
=
n∑
i=0
(fg)i(xy)si
(
n
i
)(
(fxs)n−2i
(xr(n−i)yriz)k+1 − 1
xr(n−i)yriz − 1
+ (gys)n−2i
(xriyr(n−i)z)k+1 − 1
xriyr(n−i)z − 1
)
,
from which the identity of the theorem follows.
Dropping terms proportional to zk, in the limit as k approaches infinity, we have
2
∞∑
j=0
(fxrj+s + gyrj+s)nzj
− z
n∑
i=0
(fg)i(xy)si
(
n
i
)
fn−2ixs(n−2i)+riyr(n−i) + gn−2ixr(n−i)ys(n−2i)+ri
(xy)rnz2 − (xy)ri(xr(n−2i) + yr(n−2i))z + 1
+
n∑
i=0
(fg)i(xy)si
(
n
i
)
fn−2ixs(n−2i) + gn−2iys(n−2i)
(xy)rnz2 − (xy)ri(xr(n−2i) + yr(n−2i))z + 1
.
(1.14)
2 Main results
Theorem 1 (Sum of Horadam numbers with indices in arithmetic progression).
The following identities hold for integers r, k and s and arbitrary z:
k∑
j=0
urj+sz
j =
qrurk+sz
k+2 − urk+r+sz
k+1 + qsur−sz + us
qrz2 − vrz + 1
, (2.1)
k∑
j=0
vrj+sz
j =
qrvrk+sz
k+2 − vrk+r+sz
k+1 − qsvr−sz + vs
qrz2 − vrz + 1
, (2.2)
k∑
j=0
wrj+sz
j =
qrwrk+sz
k+2 − wrk+r+sz
k+1 − qrws−rz + ws
qrz2 − vrz + 1
. (2.3)
Proof. Choose (x, y) = (α, β) in Lemma 1, with (f, g) = (1,−1) to get identity (2.1), with
(f, g) = (1, 1) to get identity (2.2) and with (f, g) = (A,B) to get identity (2.3).
4
Using identity (1.11), we have the results stated in Corollary 2.
Corollary 2 (Generating functions for Lucas sequences and for the Horadam
sequence with indices in arithmetic progression). The following identities hold for
integers r and s:
∞∑
j=0
urj+sz
j =
qsur−sz + us
qrz2 − vrz + 1
, (2.4)
∞∑
j=0
vrj+sz
j =
−qsvr−sz + vs
qrz2 − vrz + 1
, (2.5)
∞∑
j=0
wrj+sz
j =
−qrws−rz + ws
qrz2 − vrz + 1
. (2.6)
Theorem 3 (Sums of powers of the terms of Lucas sequences with indices in
arithmetic progression). The following identities hold for integers r, s and k, nonnega-
tive integer n and arbitrary z:
2(p2 − 4q)n
k∑
j=0
u2nrj+sz
j =
2n∑
i=0
(−1)i
(
2n
i
)
qsi
qr(2n+ki)v(rk+s)(2n−2i)z
k+2 − qri(k+1)v(rk+r+s)(2n−2i)z
k+1
q2rnz2 − qrivr(2n−2i)z + 1
−
2n∑
i=0
(−1)i
(
2n
i
)
qsi
qs(2n−2i)+riv(r−s)(2n−2i)z − vs(2n−2i)
q2rnz2 − qrivr(2n−2i)z + 1
,
(2.7)
2(p2 − 4q)n−1
k∑
j=0
u2n−1rj+s z
j
=
2n−1∑
i=0
(−1)i
(
2n− 1
i
)
qsi
qr(2n−1+ki)u(rk+s)(2n−1−2i)z
k+2 − qri(k+1)u(rk+r+s)(2n−1−2i)z
k+1
q(2n−1)rz2 − qrivr(2n−1−2i)z + 1
+
2n−1∑
i=0
(−1)i
(
2n− 1
i
)
qsi
qs(2n−1−2i)+riu(r−s)(2n−1−2i)z + us(2n−1−2i)
q(2n−1)rz2 − qrivr(2n−1−2i)z + 1
,
(2.8)
2
k∑
j=0
vnrj+sz
j =
n∑
i=0
(
n
i
)
qsi
qr(n+ki)v(rk+s)(n−2i)z
k+2 − qri(k+1)v(rk+r+s)(n−2i)z
k+1
qrnz2 − qrivr(n−2i)z + 1
−
n∑
i=0
(
n
i
)
qsi
qs(n−2i)+riv(r−s)(n−2i)z − vs(n−2i)
qrnz2 − qrivr(n−2i)z + 1
.
(2.9)
Proof. Set (x, y) = (α, β) and (f, g) = (1,−1) in Lemma 2 to obtain identities (2.7) and
(2.8); and (f, g) = (1, 1) to get identity (2.9).
In particular, we have
2(p2 − 4q)n
k∑
j=0
u2nj z
j =
2n∑
i=0
(−1)i
(
2n
i
)
q2n+kivk(2n−2i)z
k+2 − qi(k+1)v(k+1)(2n−2i)z
k+1
q2nz2 − qiv2n−2iz + 1
−
2n∑
i=0
(−1)i
(
2n
i
)
qiv2n−2iz − 2
q2nz2 − qiv2n−2iz + 1
,
(2.10)
5
2(p2 − 4q)n−1
k∑
j=0
u2n−1j z
j
=
2n−1∑
i=0
(−1)i
(
2n− 1
i
)
q2n−1+kiuk(2n−1−2i)z
k+2 − qi(k+1)u(k+1)(2n−1−2i)z
k+1
q2n−1z2 − qiv2n−1−2iz + 1
+
2n−1∑
i=0
(−1)i
(
2n− 1
i
)
qiu2n−1−2iz
q2n−1z2 − qiv2n−1−2iz + 1
,
(2.11)
2
k∑
j=0
vnj z
j =
n∑
i=0
(
n
i
)
qn+kivk(n−2i)z
k+2 − qi(k+1)v(k+1)(n−2i)z
k+1
qnz2 − qivn−2iz + 1
−
n∑
i=0
(
n
i
)
qivn−2iz − 2
qnz2 − qivn−2iz + 1
.
(2.12)
Stănică [5] obtained results which may be considered equivalent to (2.10) and (2.11).
Dropping terms proportional to zk, in the limit as k approaches infinity, we obtain the
generating fuctions given in Corollary 4.
Corollary 4 (Generating functions for powers of the terms of Lucas sequences
with indices in arithmetic progression). The following identities hold for integers r
and s and nonnegative integer n:
2(p2 − 4q)n
∞∑
j=0
u2nrj+sz
j =
2n∑
i=0
(−1)i
(
2n
i
)
qsi
−qs(2n−2i)+riv(r−s)(2n−2i)z + vs(2n−2i)
q2rnz2 − qrivr(2n−2i)z + 1
, (2.13)
2(p2 − 4q)n−1
∞∑
j=0
u2n−1rj+s z
j =
2n−1∑
i=0
(−1)i
(
2n− 1
i
)
qsi
qs(2n−1−2i)+riu(r−s)(2n−1−2i)z + us(2n−1−2i)
q(2n−1)rz2 − qrivr(2n−1−2i)z + 1
,
(2.14)
2
∞∑
j=0
vnrj+sz
j =
n∑
i=0
(
n
i
)
qsi
−qs(n−2i)+riv(r−s)(n−2i)z + vs(n−2i)
qrnz2 − qrivr(n−2i)z + 1
. (2.15)
We have, in particular,
2(p2 − 4q)n
∞∑
j=0
u2nj z
j =
2n∑
i=0
(−1)i
(
2n
i
)
−qiv2n−2iz + 2
q2nz2 − qiv2n−2iz + 1
, (2.16)
2(p2 − 4q)n−1
∞∑
j=0
u2n−1j z
j =
2n−1∑
i=0
(−1)i
(
2n− 1
i
)
qiu2n−1−2iz
q(2n−1)z2 − qiv(2n−1−2i)z + 1
, (2.17)
2
∞∑
j=0
vnj z
j =
n∑
i=0
(
n
i
)
−qivn−2iz + 2
qnz2 − qiv(n−2i)z + 1
. (2.18)
Popov [3] obtained results equivalent to (2.16) — (2.18).
6
Theorem 5 (Sum of powers of the terms of the Horadam sequence with indices in
arithmetic progression). The following identity holds for integers r, s and k, nonnegative
integer n and arbitrary z:
2
k∑
j=0
wnrj+sz
j
= zk+2
n∑
i=0
(AB)iqsi
(
n
i
)
An−2iαs(n−2i)+rn(k+1)−rikβr(ik+n) +Bn−2iαr(ik+n)βs(n−2i)+rn(k+1)−rik
qrnz2 − qrivr(n−2i)z + 1
− zk+1
n∑
i=0
(AB)iqsi
(
n
i
)
An−2iαs(n−2i)+(rn−ri)(k+1)βri(k+1) +Bn−2iαri(k+1)βs(n−2i)+(rn−ri)(k+1)
qrnz2 − qrivr(n−2i)z + 1
− z
n∑
i=0
(AB)iqsi
(
n
i
)
An−2iαs(n−2i)+riβr(n−i) +Bn−2iαr(n−i)βs(n−2i)+ri
qrnz2 − qrivr(n−2i)z + 1
+
n∑
i=0
(AB)iqsi
(
n
i
)
An−2iαs(n−2i) +Bn−2iβs(n−2i)
qrnz2 − qrivr(n−2i)z + 1
.
Proof. Set (x, y) = (α, β) and (f, g) = (A,B) in Lemma 2.
Corollary 6 (Generating function for powers of the terms of the Horadam se-
quence with indices in arithmetic progression). The following identity holds for in-
tegers r, s and k, nonnegative integer n and arbitrary z:
2
∞∑
j=0
wnrj+sz
j = −z
n∑
i=0
(AB)iqsi
(
n
i
)
An−2iαs(n−2i)+riβr(n−i) +Bn−2iαr(n−i)βs(n−2i)+ri
qrnz2 − qrivr(n−2i)z + 1
+
n∑
i=0
(AB)iqsi
(
n
i
)
An−2iαs(n−2i) +Bn−2iβs(n−2i)
qrnz2 − qrivr(n−2i)z + 1
.
References
[1] A. F. Horadam, Basic properties of a certain generalized sequence of numbers, The
Fibonacci Quarterly 3:3 (1965), 161–176.
[2] T. Koshy, Fibonacci and Lucas numbers with applications, Wiley-Interscience, (2001).
[3] B. S. Popov, Generating functions for powers of certain second-order recurrence se-
quences, The Fibonacci Quarterly 15:3 (1977), 221–224.
[4] P. Ribenboim, My numbers, my friends, Springer-Verlag, New York, (2000).
[5] P. Stănică, Generating functions, weighted and non-weighted sums for powers of sec-
ondorder recurrence sequences, The Fibonacci Quarterly 41:3 (2003), 321–333.
[6] S. Vajda, Fibonacci and Lucas numbers, and the golden section: theory and applica-
tions, Dover Press, (2008).
[7] E. W. Weisstein, Lucas Sequence, MathWorld–A Wolfram Web Resource, March 2019.
7
[8] Wikipedia contributors, Lucas sequence, Wikipedia, The Free Encyclopedia, November
2018.
2010 Mathematics Subject Classification: Primary 11B39; Secondary 11B37.
Keywords: Horadam sequence, Fibonacci number, Lucas number, Lucas sequence, sum-
mation identity, generating function, partial sum.
8
